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within 1.6% by measurement [10]. These verify the accuracy of
the large-signal FET FDTD modeling algorithm presented in this
paper.

V. CONCLUSION

In this paper, a general algorithm for including large-signal active
three-terminal models into the FDTD method is presented. A dynamic
interface between the active device and the FDTD lattice is used
to simulate the prominent nonlinear time-dependant behavior of the
three-terminal active device, which is connected across multiple
FDTD cells. A technique for introducing an internal EM-field ab-
sorber into the FDTD three-terminal active-device model in order
to eliminate undesired current coupling is discussed. Numerical
comparison shows this method is accurate and is expected to have
general utility for other complicated hybrid lumped-circuit FDTD
modeling situations.
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Resonance in a Cylindrical–Triangular
Microstrip Structure

Kin-Lu Wong and Shan-Cheng Pan

Abstract—Full-wave solutions for the complex-resonant frequency of
a triangular microstrip patch printed on a cylindrical substrate are
presented. Curvature effects on the complex-resonant frequency, as well
as the quality factor of the cylindrical–triangular microstrip structure, are
analyzed. Measured resonant frequencies are also shown for comparison.
Good agreement between measured and theoretical results is obtained.

Index Terms—Microstrip antenna, microstrip resonator.

I. INTRODUCTION

Characteristics of triangular microstrip structures used as resonators
[1] or radiators [2], [3] have been reported. Results have shown
that, as a resonator, the triangular microstrip structure at its fun-
damental mode (TM10 [1]) has a lower radiation loss than the
circular microstrip resonators. It is also reported that, compared to
the rectangular microstrip patch antenna, the microstrip antenna with
a triangular patch is physically smaller and has similar radiation
properties [2]. It is also noted that the related studies are mainly of
planar geometries, and very scant results for the triangular microstrip
patch mounted on a cylindrical substrate are available. This kind of
cylindrical microstrip structure has the advantage of conformability
and can find applications on curved surfaces such as those of aircraft
and missiles.

In this paper, the theoretical analysis of the cylindrical–triangular
microstrip structure is performed using a full-wave formulation.
A basis function similar to the true current distribution on the
patch surface is also selected for efficient and accurate numerical
calculation. Numerical results for the complex-resonant frequencies
[4], [5] of the microstrip structure are presented and discussed, and the
quality factor of the microstrip structure is also analyzed. Measured
resonant frequencies are also shown for comparison.

II. THEORETICAL FORMULATION

Fig. 1 shows the geometry of a cylindrical–triangular microstrip
structure. The radius of the ground cylinder isa, and the cylindrical
substrate has a thickness ofh and a relative permittivity of"r. The
sidelength of the triangular patch in the� direction isd2 (= 2b�0),
and the other two sides are assumed to have the same length ofd1.
The relationship ofd1 and d2 is given by

d1 = (d2=2)2 + (2z0)2 (1)

where2z0 is the distance from the tip of the triangle to the bottom
side of the triangle.

To begin with, the full-wave formulation in [4] is followed, and
the following equation is obtained:

~E�(n; kz)
~Ez(n; kz)

=
=

Q(n; kz) �

~J�(n; kz)
~Jz(n; kz)

(2)
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Fig. 1. The geometry of a cylindrical–triangular microstrip structure.

whereE� andEz are the tangential components of the electric field
at � = b, andJ� andJz are the tangential components of the patch
surface-current density;��Q = �̂Q���̂ + �̂Q�zẑ + ẑQz��̂ + ẑQzz ẑ

is the dyadic Green’s function, whose expressions have been derived
and interpreted in [4]. The tilde in the equation denotes a Fourier
transform.

Next, to solve the unknown patch surface current, a basis function
is selected, which satisfies the criterion that the normal component of
the electric surface-current density should vanish at the patch edges
[2]. This selected basis function for the fundamental mode (TM10)
excitation is expressed as

J�(�; z) =
b�

z � z0
sin

(z + z0)�

2z0
(3)

Jz(�; z) = sin
(z + z0)�

2z0
: (4)

In this case, the unknown patch surface-current density can be written
as

J(�; z) = I�J�(�; z) + IzJz(�; z) (5)

whereI� andIz are unknown coefficients to be determined. It should
be noted that since the next higher order mode (TM11) has a resonant
frequency about 1.73 times that of the fundamental TM10 mode [1],
the effects of the TM11 mode and other higher order modes on
the characteristics of the TM10 mode can be ignored. Thus, it is
appropriate to use only one basis function to simulate the excited
patch surface-current density for the TM10 mode. Then, by taking
the spectral amplitude of the selected basis function, imposing the
boundary condition that the patch surface current and the electric
field are complementary to each other at� = b, and using the selected
basis function as the testing function and integrating it over the patch
area, one has [4]

Z�� Z�z

Zz� Zzz

I�
Iz

=
0

0
(6)

where
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For n 6= 0
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and for n = 0

~Jz(n; kz) =
��0
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To have nontrivial solutions forI� andIz in (6), it is required that

det
Z�� Z�z

Zz� Zzz
= 0: (13)

By solving (13), a solution is obtained for the complex frequency
f = f 0 + jf 00, where f 0 and f 00 are, respectively, the resonant
frequency and radiation loss of the microstrip structure, andf 0=2f 00

is the quality factor of the microstrip structure.

III. RESULTS AND DISCUSSION

The calculated complex-resonant frequencies of the cylindri-
cal–triangular microstrip structure at the fundamental mode are
presented. Fig. 2 shows the results for an equilateral-triangular
microstrip patch with a sidelength of 5.78 cm mounted on ground
cylinders havinga = 7:8, 15, and 20 cm. Measured data for the
resonant frequencies of the triangular patch printed on a substrate
of thicknessh = 0:762 mm and relative permittivity"r = 3:0

are also shown for comparison. Good agreement between the
measured and calculated results is obtained. From the results, it
is seen that the resonant frequency (real part of the complex-
resonant frequency) increases with decreasing cylinder radius. This
behavior is probably due to the decrease in the effective patch
size, which occurs when the microstrip patch is mounted on a
ground cylinder of smaller radius. As for the imaginary part of
the complex-resonant frequency, it is seen that it increases with
increasing curvature. This implies that the radiation loss of the
microstrip structure increases when the cylindrical–triangular patch
has a smaller cylinder radius. This observation is similar to those
made in the cases of cylindrical–rectangular microstrip structures [4]
and spherical–circular microstrip structures [5]. From the complex-
resonant frequency results, the quality factor of the microstrip
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Fig. 2. Real and imaginary parts of complex-resonant frequency versus
normalized substrate thickness for different cylinder radii ofa = 7:8, 15,
20 cm; "r = 3:0, d1 = d2 = 5:78 cm.

Fig. 3. Quality factor versus normalized substrate thickness for the case
shown in Fig. 2.

structure can be readily calculated, and is presented in Fig. 4. It
is seen that the quality factor decreases with decreasing cylinder
radius. This suggests that a planar–triangular microstrip structure is
more suitable for use as a resonator than a cylindrical–triangular
microstrip structure.

Another case of the equilateral triangular patch with a sidelength
of 7.18 cm was also studied. Results are presented in Figs. 4 and
5. Behavior similar to that shown in Figs. 2 and 3 is also observed.
The measured resonant frequencies are also in good agreement with
the calculated results.

IV. CONCLUSION

The complex-resonant frequencies of a cylindrical–triangular mi-
crostrip structure have been studied using a full-wave approach. By
selecting a suitable basis function, which satisfies the requirement that
the patch surface current vanishes at the patch edges, the calculated
resonant frequencies are found to agree well with the measured
data. The observed curvature effects on the characteristics of cylin-

Fig. 4. Real and imaginary parts of complex-resonant frequency versus
normalized substrate thickness for different cylinder radii ofa = 7:8, 15,
20 cm; "r = 3:0, d1 = d2 = 7:18 cm.

Fig. 5. Quality factor versus normalized substrate thickness for the case
shown in Fig. 4.

drical–triangular microstrip structures excited at the fundamental
mode are also found to be similar to those reported for rectangular
microstrip patches printed on a cylindrical substrate [4] or circular
microstrip patches printed on a spherical substrate [5].
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